D-branes in an asymmetric orbifold by Gaberdiel, Matthias R & Schafer-Nameki, Sakura
ar
X
iv
:h
ep
-th
/0
21
01
37
v2
  6
 Ju
n 
20
03
hep-th/0210137
KCL-MTH-02-23
DAMTP-2002-102
D-branes in an asymmetric orbifold
Matthias R. Gaberdiel‡,a and Sakura Scha¨fer-Nameki⋆,b
aSchool of Natural Sciences, Institute for Advanced Study
Princeton, NJ 08540, USA
bDepartment of Applied Mathematics and Theoretical Physics
Wilberforce Road, Cambridge CB3 OWA, U.K.
Abstract
We consider the asymmetric orbifold that is obtained by acting with T-duality on a 4-
torus, together with a shift along an extra circle. The chiral algebra of the resulting theory
has non-trivial outer automorphisms that act as permutations on its simple factors. These
automorphisms play a crucial role for constructing D-branes that couple to the twisted
sector of the orbifold.
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1. Introduction
Asymmetric orbifolds [1] have played a prominent roˆle in constructing string back-
grounds with phenomenologically interesting features [2,3,4,5,6,7,8,9,10,11]. In particular,
they provide interesting non-supersymmetric string theories as well as dS-like backgrounds.
From a conformal field theoretic point of view, asymmetric orbifolds are of interest since
they provide a way to construct new non-diagonal, so-called heterotic modular invariants,
see e.g. [12] and references therein.
Despite the large literature on asymmetric orbifolds, little is known about D-branes in
these backgrounds. Some results for specific orbifolds have been obtained in [13,14,15,16],
but a complete understanding still seems to be lacking. One natural candidate for a
symmetry that acts differently on left and right moving degrees of freedom is T-duality.
Orbifolds including an element of the T-duality group have been considered in [2,3,4,7,8] in
the context of non-supersymmetric string compactifications. In this paper we will construct
the D-brane boundary states in a bosonic relative of these models. While this model is
only a toy model, some of the techniques we shall discuss will generalise to orbifolds of the
superstring.
Our construction also possesses a few novel conformal field theoretic features. Al-
though it is rather straightforward to construct a class of boundary states that are invari-
ant under the orbifold action, it is typically difficult to construct D-branes that couple to
states in the twisted sector of an asymmetric orbifold. In order to obtain such boundary
states in our example, we will have to consider D-branes that preserve the maximal chiral
symmetry only up to an automorphism of the symmetry algebra. Symmetry breaking
boundary conditions, in particular for simple chiral algebras, have been studied e.g. in
[17,18,19,20,21,22,23,24]. The orbifold chiral algebra that we shall encounter here consists
of powers of a simple chiral algebra, and thus allows for extra outer automorphisms, which
act as permutations on the factors (compare [25])†. In fact we will be able to construct all
boundary states that preserve the orbifold chiral algebra up to an arbitrary automorphism.
Taken together, these boundary states couple to all different sectors of the theory.
The plan of the paper is as follows. In section 2 we describe the model we are discussing
and fix the notation. In section 3 we explain that the asymmetric orbifold can alternatively
be described as a simple current extension of the ŝu(2)51 diagonal theory. The permutation
† Orbifolds of a closed string theory by a permutation group have been discussed e.g. in
[26,27,28,29].
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branes of this diagonal theory are constructed, and the NIM-rep property of the twisted
fusion algebra is checked. In section 4 we then construct permutation branes for the
asymmetric orbifold and verify Cardy’s condition. Section 5 explains how to generalise
the construction to ‘conformal’ boundary states, and how superpositions of conventional
Dirichlet- and Neumann-branes fit into our picture. Our conclusions are contained in
section 6. There are three appendices where some more technical details are spelled out.
2. The setup
In this paper we shall be interested in the following asymmetric orbifold. Consider the
toroidal compactification of the (bosonic) string on a 4-torus at the SO(8) point. At this
point in moduli space, the theory is simply the (diagonal) level k = 1 ŝo(8)1 Kac-Moody
theory. Let us choose the Cartan-Weyl basis for the generators of ŝo(8)1, and let us denote
the ‘Cartan generators’ by Hin, while the ‘root generators’ are E
α
n . We are interested in
the orbifold action that acts on the left-moving currents as
gL : E
±α
n → −E∓αn , Hin → −Hin , (2.1)
while the action on the right-movers is trivial, gR = 1I. The invariant algebra for the
left-movers is then 〈{
Eα − E−α |α ∈ ∆+ } 〉 , (2.2)
which is isomorphic to AgL = ŝo(4)1 ⊕ ŝo(4)1. The invariant algebra for the right-movers
is obviously AgR = ŝo(8)1. The action (2.1) can be thought of as some form of T-duality
along the four torus directions‡.
In order to describe the action of gL on the four different representations of ŝo(8)1 it
is useful to decompose them with respect to AgL. Let us label the representations of the
ŝo(4n)1 chiral algebra by o, v, s, c, and let us distinguish the two so(4) copies by I and II.
Then the relevant decomposition is
ψ = 1 ψ = −1
Hŝo(8)o =
(HIo ⊗HIIo ) ⊕ (HIv ⊗HIIv )
Hŝo(8)v =
(HIo ⊗HIIv ) ⊕ (HIv ⊗HIIo )
Hŝo(8)s =
(HIs ⊗HIIs ) ⊕ (HIc ⊗HIIc )
Hŝo(8)c =
(HIs ⊗HIIc ) ⊕ (HIc ⊗HIIs ) .
(2.3)
‡ As is explained in [16], this transformation differs from the usual T-duality transformation
by a rotation on the right-movers.
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On these representations gL then acts as ψ = ±1.
The orbifold defined by g does not satisfy the level matching condition. Indeed, since
we invert four left-moving modes without modifying the right-movers, the energy shifts of
the left- and right-moving ground state in the twisted sector are
∆L =
4
48
+
4
24
=
1
4
, ∆R = 0 , (2.4)
and thus the action by g is not consistent by itself. The apparent level-matching problem
(2.4) of the orbifold by g can be cured by introducing additional shifts in the Narain lattice.
Let us denote the inequivalent choices as in [30] by
A1 =
(
1
2
√
2
,
1
2
√
2
)
, A2 =
(
1√
2
, 0
)
, A3 =
(
1
2
√
2
,− 1
2
√
2
)
. (2.5)
On states with momentum and winding (pL, pR) = (
n+w√
2
, n−w√
2
) these shifts act via the
phase exp(2piip ·A), i.e. as
(−1)w , (−1)w+n , (−1)n , (2.6)
respectively.
For the supersymmetric version of this theory, a resolution of the level-mismatch has
been discussed earlier in the literature [2,3,7,8]. To this end, one combines the orbifold
action with a shift by A1 along all four torus directions. This resolves the level-matching
problem since the shift changes the right-moving ground state energy in the twisted sector
by ∆R = 4
A21,R
2 =
1
4 , while it does not contribute to the ground state energy of the
left-movers, since the left-movers are reflected (and the shift can therefore be undone). If
this resolution is applied to the bosonic theory in question, the resulting theory becomes
actually left-right symmetric, and is therefore not of immediate interest.
In order to obtain a genuinely asymmetric orbifold, we therefore choose another way
of satisfying the level matching condition which is similar to what was proposed in [4]. Let
us compactify the theory on an additional circle for which we choose the radius to take
the self-dual value, and combine g with an A2 shift along this additional circle,
T 4so(8) × T 1su(2)
/
f =
(
(−1)4L , A2
)
. (2.7)
The additional shift changes the left-moving ground state energy by
∆L =
(A2)
2
2
=
1
4
, ∆R = 0 , (2.8)
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and therefore resolves (2.4). The shift A2 of (2.5) has the action
ψ′ = 1 ψ′ = −1
HT 1
su(2)
= H0,1 ⊗ H¯0,1 ⊕ H1,1 ⊗ H¯1,1 ,
(2.9)
where Hj,1 for j = 0, 1 denote the two irreducible highest weight representations of ŝu(2)1.
The spectrum of the resulting theory is then genuinely asymmetric, and is explicitly given
as
HU =
( (HIo ⊗HIIo ) ⊗ H¯so(8)o ⊕ (HIo ⊗HIIv ) ⊗ H¯so(8)v
⊕ (HIs ⊗HIIs ) ⊗ H¯so(8)s ⊕ (HIs ⊗HIIc ) ⊗ H¯so(8)c ) ⊗H0,1 ⊗ H¯0,1
⊕
( (HIv ⊗HIIv ) ⊗ H¯so(8)o ⊕ (HIv ⊗HIIo ) ⊗ H¯so(8)v
⊕ (HIc ⊗HIIc ) ⊗ H¯so(8)s ⊕ (HIc ⊗HIIs ) ⊗ H¯so(8)c ) ⊗H1,1 ⊗ H¯1,1
HT =
(
(HIc ⊗HIIv ) ⊗ H¯so(8)v ⊕ (HIc ⊗HIIo ) ⊗ H¯so(8)o
⊕ (HIv ⊗HIIc ) ⊗ H¯so(8)c ⊕ (HIv ⊗HIIs ) ⊗ H¯so(8)s
)
⊗ (H0,1 ⊗ H¯1,1)
⊕
(
(HIo ⊗HIIs ) ⊗ H¯so(8)c ⊕ (HIo ⊗HIIc ) ⊗ H¯so(8)s
⊕ (HIs ⊗HIIo ) ⊗ H¯so(8)v ⊕ (HIs ⊗HIIv ) ⊗ H¯so(8)o
)
⊗ (H1,1 ⊗ H¯0,1) ,
(2.10)
where HU and HT denote the untwisted and twisted sectors, respectively. Here the repre-
sentations have been written in terms of the chiral algebras
AL = ŝo(4)1 ⊕ ŝo(4)1 ⊕ ŝu(2)1 , AR = ŝo(8)1 ⊕ ŝu(2)1 . (2.11)
The maximal diagonal chiral subalgebra is therefore
Adiag = ŝo(4)1 ⊕ ŝo(4)1 ⊕ ŝu(2)1 ∼= ŝu(2)⊕51 . (2.12)
For definiteness, we identify the first two su(2)s with the first so(4) in (2.12), and the
second two su(2)s with the second so(4). Furthermore, we identify the representations of
ŝo(4)1 with those of ŝu(2)1 ⊕ ŝu(2)1 as
O ≃ (0, 0) , V ≃ (1, 1) , S ≃ (1, 0) , C ≃ (0, 1) . (2.13)
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3. Permutation-twisted boundary states
The main aim of this paper is to construct all the D-branes of the asymmetric orb-
ifold that preserve (2.12) up to automorphisms. This is to say, we want to construct the
boundary states that preserve
(
Jan − σ(J¯a−n)
) ||α 〉〉 = 0 , (3.1)
where Jan is a current in (2.12), and σ is an arbitrary automorphism of Adiag. In particular,
we are interested in D-branes that couple to the twisted sector states of the asymmetric
orbifold. It is obvious from (2.10) that the boundary states that involve Ishibashi states
from the twisted sector components can only arise for automorphisms σ that are outer.
The group of outer automorphisms of Adiag is isomorphic to the permutation group in five
objects, S5, where σ ∈ S5 acts on the ŝu(2)1 factors as
σ : ŝu(2)
(i)
1 → ŝu(2)(σi)1 . (3.2)
For fixed σ ∈ S5, the boundary states that satisfy (3.1) can be written in terms of the
σ-twisted Ishibashi states,
||α〉〉σ =
∑
l
Bα,l |l〉〉σ , (3.3)
where α labels the different σ-twisted boundary states, while |l〉〉σ denotes the σ-twisted
Ishibashi state that originates from the representation of Adiag ⊗Adiag
(l1, l2, l3, l4, l5)⊗ σ−1 (l1, l2, l3, l4, l5) , li = 0, 1 . (3.4)
In principle one could now go ahead and determine the set of σ-twisted Ishibashi
states for each element σ ∈ S5, and then make an ansatz for the boundary states that
can be written as a linear superposition of these Ishibashi states. However, the discussion
simplifies drastically if we relabel our theory as follows. Let us redefine the right-moving
chiral algebra ARdiag by exchanging the second and fifth ŝu(2)1 factors. (In terms of the
boundary states in (3.1) this amounts to replacing σ by σ(25).) After a little calculation
one then finds that, with respect to this redefined chiral algebra, the spectrum of the theory
simply becomes
H =
⊕
Jl=+1
l⊗ l ⊕
⊕
Jl=+1
l⊗ J l . (3.5)
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Here l = (l1, l2, l3, l4, l5) labels representations of ŝu(2)
5
1, and the sum runs over all such
representations for which the eigenvalue Jl, defined by
Jl = (−1)l1+l3+l4+l5 , (3.6)
equals +1. Furthermore, the ‘simple current’ J acts on l as
J(l1, l2, l3, l4, l5) = (l1 + 1, l2, l3 + 1, l4 + 1, l5 + 1) , (3.7)
where addition is understood modulo 2. The first sum in (3.5) is the subsector of the
diagonal ŝu(2)51 theory that has eigenvalue +1 under the action of J , while the second sum
describes the J-twisted sector. We can therefore think of this theory as a simple current
extension of the original diagonal ŝu(2)51 theory (see for example [31,32,33,34]). As an aside
it may be worth pointing out that the first and second sum of (3.5) (i.e. the untwisted
and twisted sector of the simple current extension) do not correspond to the untwisted and
twisted sector of the original orbifold in (2.10), respectively. In order to construct D-branes
for the theory in question, it is now convenient to begin with constructing permutation-
twisted branes for the diagonal ŝu(2)51 theory.
3.1. Permutation-twisted boundary states for su(2)n1
The construction of the permutation-twisted boundary states can actually be formu-
lated more generally for the diagonal ŝu(2)n1 theory, and we shall therefore be more general
in the following (compare also [25]). In particular, we shall show that the boundary states
we construct satisfy the various Cardy conditions [35].
Suppose σ is a permutation in Sn, and mˆ is a σ-twisted representation of ŝu(2)
n
1 . For
each such mˆ we define the σ-twisted boundary state as
||mˆ〉〉σ =
∑
l
Sˆσmˆ,l√
S0,l
|l〉〉σ , (3.8)
where the sum runs over the sectors l = (l1, . . . , ln) of the diagonal ŝu(2)
n
1 theory for which
σ(l) = l, S0,l is a product of n ŝu(2)1 S-matrices, and Sˆ
σ
mˆ,l is the σ-twisted S-matrix. In
order to define the latter, consider the ‘twining character’
χ
(σ)
l (τ) = TrHl(σ q
L0−c/24) , q = e2πiτ , (3.9)
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which is non-zero if and only if l is invariant under σ, σ(l) = l. Under the S-modular
transformation these twining characters transform into characters of σ-twisted representa-
tions⋆,
χ
(σ)
l (−1/τ) =
∑
mˆ
Sˆσmˆ,l χmˆ(τ) , (3.10)
where
χmˆ(τ) = TrHmˆ(q
L0−c/24) , q = e2πiτ . (3.11)
The number of σ-twisted representations always equals the number of σ-invariant repre-
sentations, and, in fact, Sˆσmˆ,l is actually a unitary matrix.
The formula (3.8) is a natural generalisation of the formula proposed in [22,18]. In the
following we want to show that it satisfies the Cardy condition. The Cardy condition states
that the overlap of two boundary states must give rise, after an S-modular transformation,
to a positive integer linear combination of (twisted) characters of the chiral algebra. The
calculation of the overlap between two boundary states can be reduced to the overlap of
two Ishibashi states. The overlap between the latter can be easily calculated, and it is
given as
σ〈〈 l |q 12 (L0+L¯0−c/12)|k 〉〉τ = δl,k χ(στ
−1)
l (q) , (3.12)
where χ
(στ−1)
l (q) is the twining character (3.9). Since only the σ-invariant states contribute
to the twining character, it is obvious that
χ
(σ)
l (q) = χ
(σ−1)
l (q) . (3.13)
Furthermore, since each permutation commutes with L0, the identity
χ
(στ)
l (q) = χ
(τσ)
l (q) (3.14)
holds. In particular, it therefore follows that (3.12) also equals
σ〈〈 l |q 12 (L0+L¯0−c/12)|k 〉〉τ = δl,k χ(στ
−1)
l (q) = δl,k χ
(τσ−1)
l (q) = δl,k χ
(σ−1τ)
l (q) . (3.15)
With these preparations it is now immediate to write down the overlap between two bound-
ary states,
σ〈〈nˆ||q 12 (L0+L¯0−c/12)||mˆ〉〉τ =
∑
pˆ
∑
l
(
Sˆσnˆ,l
)∗
Sˆστ
−1
pˆ,l Sˆ
τ
mˆ,l
S0,l
χpˆ(q˜) =
∑
pˆ
(σ,τ)N nˆpˆ,mˆ χpˆ(q˜) ,
(3.16)
⋆ A twisted representation of a chiral algebra is, by definition, the same as an untwisted
representation of the corresponding twisted algebra, see [36] for an introduction.
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where pˆ labels the set of στ−1-twisted representations of ŝu(2)n1 , and q˜ = e
−2πi/τ . The
Cardy condition is thus satisfied provided that
(σ,τ)N nˆpˆ,mˆ =
∑
l
(
Sˆσnˆ,l
)∗
Sˆστ
−1
pˆ,l Sˆ
τ
mˆ,l
S0,l
(3.17)
are non-negative integers; this can easily be confirmed explicitly case by case. It is clear
from the results of appendix B that our formula for the boundary states agrees with the
more explicit formula given in [25]; the fact that our boundary states satisfy the Cardy
condition follows then also from the analysis given there. Finally, we have given a more
abstract proof of this property in appendix B.
It is very tempting to identify (3.17) with the fusion rules describing the fusion of the
τ -twisted representation mˆ with the στ−1-twisted representation pˆ to give the σ-twisted
representation nˆ. Formula (3.17) generalises then the Verlinde formula to twisted fusion
rules; it is a natural further generalisation of the formula proposed in [22] (see also [21,37]).
For a specific example we have checked that (3.17) does indeed describe the twisted fusion
rules; this is described in appendix C.
3.2. The NIM-rep property
If the integers (3.17) describe the twisted fusion rules, they must define a non-negative
integer matrix representation of the fusion rules (or NIM-rep for short). This is to say, the
matrices (3.17) must satisfy∑
mˆ
(σ,τ)N nˆpˆ,mˆ (τ,ρ)N mˆqˆ,kˆ =
∑
rˆ
(σ,ρ)N nˆ
rˆ,kˆ
(σρ−1,τρ−1)N rˆpˆ,qˆ . (3.18)
Here kˆ and nˆ are ρ-twisted and σ-twisted representations, respectively, and the sum on the
left hand side runs over all τ -twisted representations mˆ, while the sum on the right hand
side runs over all σρ−1-twisted representations rˆ. Furthermore, pˆ and qˆ are στ−1-twisted
and τρ−1-twisted representations, respectively.
To prove (3.18) we write the left hand side as
∑
mˆ
(σ,τ)N nˆpˆ,mˆ (τ,ρ)N mˆqˆ,kˆ =
∑
mˆ
∑
l,l′
(
Sˆσnˆ,l
)∗
Sˆτmˆ,lSˆ
στ−1
pˆ,l
S0,l
(
Sˆτmˆ,l′
)∗
Sˆρ
kˆ,l′
Sˆτρ
−1
qˆ,l′
S0,l′
=
∑
l
(
Sˆσnˆ,l
)∗
Sˆστ
−1
pˆ,l
S0,l
Sˆρ
kˆ,l
Sˆτρ
−1
qˆ,l
S0,l
,
(3.19)
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where the sum over l in the first line extends over all σ- and τ -invariant representations,
while the sum over l′ runs over all τ and ρ-invariant representations. In going to the second
line we have used that Sˆτ is unitary; the sum over l in the second line extends over all
representations that are simultaneously σ-,τ - and ρ-invariant. (3.19) has to equal the right
hand side of (3.18)
∑
rˆ
(σ,ρ)N nˆ
rˆ,kˆ
(σρ−1,τρ−1)N rˆpˆ,qˆ =
∑
rˆ
∑
l,l′
(
Sˆσnˆ,l
)∗
Sˆρ
kˆ,l
Sˆσρ
−1
rˆ,l
S0,l
(
Sˆσρ
−1
rˆ,l′
)∗
Sˆστ
−1
pˆ,l′ Sˆ
τρ−1
qˆ,l′
S0,l′
=
∑
l
(
Sˆσnˆ,l
)∗
Sˆρ
kˆ,l
S0,l
Sˆστ
−1
pˆ,l Sˆ
τρ−1
qˆ,l
S0,l
,
(3.20)
where the sum in the last line is over σ-, τ - and σρ−1-invariant, and hence also ρ-invariant,
representations l. This then agrees with (3.19).
4. Permutation-twisted D-branes in the asymmetric orbifold
Let us now return to the description of the D-branes in the asymmetric orbifold.
Recall that the asymmetric orbifold could be described as a simple current extension of
a tensor product of ŝu(2)1 theories (3.5). In the previous section we have shown how to
construct the boundary states for this tensor product theory. Now we need to implement
the simple current extension. Let us begin by defining an action of J on the set of σ-twisted
representations by
SˆσJmˆ,l = Jl Sˆ
σ
mˆ,l . (4.1)
Given the structure of Sˆσ described in appendix B, this prescription defines the action of
J uniquely.
The boundary states can now be constructed as for usual simple current extensions
[19,20]. There are two cases to distinguish. If a given twisted weight mˆ is not a fixed point
under the action of J , the boundary state is defined by
||[mˆ]〉〉σ = 1√
2
(||mˆ〉〉σ + ||Jmˆ〉〉σ) . (4.2)
Here ||mˆ〉〉σ and ||Jmˆ〉〉σ are boundary states of the diagonal ŝu(2)51 theory defined by (3.8).
The sum in (4.2) guarantees that only J-invariant Ishibashi states contribute. These
9
boundary states therefore only involve Ishibashi states that come from the first sum in
(3.5). They are labelled by J-orbits, where [mˆ] denotes the orbit with representative mˆ.
On the other hand, if mˆ is invariant under the action of J the above construction
has to be modified. A σ-twisted representation mˆ is invariant under J if and only if σ
has the property that Jl = +1 for all l in the ŝu(2)
5
1 theory for which σ(l) = l. (The
simplest example for such a permutation is σ = (1345).) If this is the case, then there
exist non-trivial Ishibashi states from the J-twisted sector, i.e. from the second sum in
(3.5), and conversely, whenever such Ishibashi states from the J-twisted sector exist, the
corresponding permutation has fixed points. In fact, for each such permutation there is an
equal number of Ishibashi states from the J-untwisted and the J-twisted sector of (3.5).
In order to see this, observe that there is a σ-twisted Ishibashi state from the first sum in
(3.5) for each representation l with Jl = +1 that satisfies
σ ( l ) = l . (4.3)
On the other hand, there is a σ-twisted Ishibashi state from the second sum in (3.5) for
each representation l with Jl = +1 that satisfies
σ (J l) = l . (4.4)
Every solution to (4.4) can be obtained by adding all solutions of (4.3) to one fixed solution,
l0, of (4.4). (As always, addition is understood mod 2 here.) In particular, their number
is therefore the same.
We have now assembled all the notation necessary to describe the boundary states
for those permutations that have J-fixed points. These boundary states are labelled by a
σ-twisted representation mˆ together with one additional sign. Explicitly they are given as
||mˆ,±〉〉σl0 =
1√
2
(∑
l
Sˆσmˆ,l√
S0,l
|l〉〉σ ±
∑
l
Sˆσmˆ,l√
S0,l
|l+ l0〉〉σ
)
. (4.5)
The Ishibashi state |l〉〉σ lies in the l⊗ l sector of (3.5), while the Ishibashi state |l+ l0〉〉σ
lies in (l + l0) ⊗ J(l + l0). Both sums run over the σ-invariant representations of ŝu(2)51
with Jl = +1. The set of boundary states is independent of the special solution l0 to (4.4);
in fact, we have
||mˆ,±〉〉σl0 = ||mˆ,±(−1)mˆ·(l0−l
′
0
)〉〉σl′
0
, (4.6)
where the inner product of σ-invariant and σ-twisted representations is defined by
Sˆσmˆ,l+k = (−1)mˆ·kSˆσmˆ,l , (4.7)
where k is a σ-invariant representation of ŝu(2)51.
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4.1. The analysis of the overlaps
In the previous subsection we have described the σ-twisted boundary states of the
asymmetric orbifold. It should be clear from the description of the twisted S-matrix in
appendix B how to write down these states explicitly. Given these explicit descriptions, it
is easy to check by hand that the boundary states do indeed satisfy the Cardy condition.
Now we want to give a more structural argument to this effect. Since there are two
types of boundary states (namely those defined by (4.2) and those defined by (4.5)), there
are three cases to consider. First we analyse the overlaps between two boundary states of
the form (4.2). Using (3.16) it follows that
σ〈〈[nˆ]||q 12 (L0+L¯0−c/12)||[mˆ]〉〉τ = 1
2
∑
pˆ
(N nˆpˆ,mˆ +N Jnˆpˆ,mˆ +N nˆpˆ,Jmˆ +N Jnˆpˆ,Jmˆ) χpˆ(q˜)
=
∑
pˆ
(N nˆpˆ,mˆ +N nˆpˆ,Jmˆ) χpˆ(q˜) , (4.8)
where we have dropped the superscripts (σ, τ) and have used that
N Jnˆpˆ,Jmˆ =
∑
l
(
SˆσJnˆ,l
)∗
SˆτJmˆ,lSˆ
στ−1
pˆ,l
S0,l
=
∑
l
Jl (Jl)
∗
(
Sˆσnˆ,l
)∗
Sˆτmˆ,lSˆ
στ−1
pˆ,l
S0,l
= N nˆpˆ,mˆ . (4.9)
The case when one of the two boundary states is of the form (4.5), is very similar. In this
case one finds that
σ
l0
〈〈nˆ,±||q 12 (L0+L¯0−c/12)||[mˆ]〉〉τ = 1
2
∑
pˆ
(N nˆpˆ,mˆ +N nˆpˆ,Jmˆ) χpˆ(q˜)
=
1
2
∑
pˆ
(N nˆpˆ,mˆ +N Jnˆpˆ,mˆ) χpˆ(q˜)
=
∑
pˆ
N nˆpˆ,mˆ χpˆ(q˜) ,
(4.10)
where we have used (4.9) in the second line, and the invariance of nˆ in the last.
Finally, suppose that both boundary states are of the form (4.5), with ‘in’-state
||nˆ,±〉〉σl0 and ‘out’-state ||mˆ,±〉〉τk0 . By the same argument as in (4.10), the contribution
from the first sum in (4.5) gives rise to
1
2
∑
pˆ
N nˆpˆ,mˆ χpˆ(q˜) . (4.11)
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On the other hand, the contribution from the second sum in (4.5) depends on whether
there are weights l in ŝu(2)51 that satisfy simultaneously (4.4) with σ and τ . If such a
weight l′0 exists, then the contribution from the second sum in (4.5) gives
(−1)mˆ·(l0−l′0) 1
2
∑
l
∑
pˆ
(
Sˆσnˆ,l
)∗
Sˆτ
mˆ,l+l′0−k0 Sˆ
στ−1
pˆ,l+l′0
S0,l
χpˆ(q˜)
=
1
2
(−1)mˆ·(l0−k0)
∑
pˆ
(−1)pˆ·l′0
∑
l
(
Sˆσnˆ,l
)∗
Sˆτmˆ,l Sˆ
στ−1
pˆ,l
S0,l
χpˆ(q˜)
=
1
2
(−1)mˆ·(l0−k0)
∑
pˆ
(−1)pˆ·l′0 N nˆpˆ,mˆ χpˆ(q˜) ,
(4.12)
where we have used (4.6). Depending on whether the signs of the two boundary states
are the same or opposite, (4.12) has to be added or subtracted from (4.11). In either
case, taking both terms together we obtain a non-negative integer linear combination of
characters in the open string.
Finally, if none of the ŝu(2)51 weights satisfies (4.4) simultaneously for σ and τ , the
contribution from the second sum in (4.5) vanishes. If this is the case, then one can show
that for one of the sets Fi defined in appendix B, m in (B.6) is non-zero. This implies that
the coefficients (4.11) are actually even integers. The coefficients in (4.11) are then again
integers, thus proving the Cardy condition.
5. Some generalisations
Up to now we have only discussed the D-branes that preserve the ŝu(2)51 symmetry up
to outer automorphisms, i.e. that satisfy (3.1) with σ ∈ S5. It is relatively straightforward
to include also inner automorphisms. The group of inner automorphisms is isomorphic
to SU(2)5, and it acts on the algebra ŝu(2)51 by conjugation. The induced action on the
boundary states is simply given by the global action of SU(2)5 on the right-moving states,
say. Since this action corresponds to a marginal deformation by a local field, the resulting
boundary states satisfy the relevant consistency conditions [38].
It was shown in [39] that the D-branes that preserve the conformal symmetry Vir for
ŝu(2)1, necessarily preserve the full chiral algebra ŝu(2)1 up to an inner automorphism. It
therefore follows that the D-branes that preserve ŝu(2)51 up to an inner automorphism in
SU(2)5 account already for all D-branes that preserve Vir5. We have therefore managed
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to construct all D-branes that preserve Vir5 up to the outer automorphisms that are
isomorphic to S5.
The orbifold we have been considering acts as (some version of) T-duality on the
four-torus part. One would therefore expect that the theory has D-branes that are simply
superpositions of Dp-D(4-p) branes. In addition to this T-duality, there is the shift action
along the additional circle; the pairs of branes will therefore be localised at opposite points
along the fifth circle.
The combinations of Dp-D(4-p) branes preserve the full chiral algebra (2.12) up to
certain inner automorphisms. In terms of the original description of the orbifold theory
(2.10), the corresponding boundary states therefore only involve Ishibashi states from the
untwisted sector. Following the discussion leading to (3.5), they correspond to (25)-twisted
boundary states in the second formulation of the theory. Since σ = (25) does not have
any fixed points (in the sense discussed above in section 4), the corresponding boundary
states then also only involve Ishibashi states from the first sum in (3.5). Of the 32 = 25
representations of ŝu(2)51, 16 = 2
4 representations are invariant under the action of (25).
There are therefore sixteen (25)-twisted representations of ŝu(2)51, each of which lies in an
orbit of length two under the action of J . Thus there are eight different boundary states
that satisfy (3.1) with σ = id. We want to show that these eight boundary states can
be identified with combinations of D0-D4 branes, where the position of the D4-brane is
shifted along the fifth circle relative to the position of the D0-brane.
Recall from appendix B that the (25)-twisted S-matrix is simply a product of four
S-matrices of ŝu(2)1. One of the (25)-twisted representations, that we shall denote by 0ˆ
in the following, has thus the property that
Sˆ
(25)
0ˆ,l
=
1√
2
4 =
1
4
, (5.1)
for all (25)-invariant representations l of ŝu(2)51. The boundary state associated to 0ˆ
via (4.2), ||[0ˆ]〉〉(25), is therefore simply the sum (with overall normalisation 2−1/4 but
without signs) of the eight (25)-twisted Ishibashi states coming from the first sum of (3.5).
Alternatively, it is the same sum over the eight (untwisted) Ishibashi states coming from
the untwisted sector of (2.10).
The same boundary state can now be obtained starting from the original ŝo(8)1 ⊕
ŝu(2)1 theory as follows. Consider the Cardy boundary state associated to the repre-
sentation (o, 0) of ŝo(8)1 ⊕ ŝu(2)1. From a geometrical point of view, this boundary
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state describes a single D0-brane. By the usual Cardy formula the boundary state is
the sum (with overall normalisation 2−3/4 but without signs) over all eight Ishibashi states
of ŝo(8)1 ⊕ ŝu(2)1. Because of the decomposition (2.3), each such Ishibashi state is the
sum of two ŝu(2)51 Ishibashi states, and therefore the Cardy state corresponding to (o, 0)
is the sum of sixteen Ishibashi states of ŝo(8)1 ⊕ ŝu(2)1 (with overall normalisation 2−3/4
but without signs). Finally, when we impose the orbifold projection, only half of these
Ishibashi states survive, and the overall normalisation becomes
√
2 2−3/4 = 2−1/4. The re-
sulting boundary state therefore agrees with the boundary state ||[0ˆ]〉〉(25) described above.
On the other hand, the action of the orbifold acts geometrically on the SO(8) lattice and
the circle, and simply maps the D0-brane to a D4-brane located at the opposite point of
the extra circle.
We have therefore shown that the boundary state ||[0ˆ]〉〉(25) describes the boundary
state
||[0ˆ]〉〉(25) = 1√
2
(||D0, x〉〉+ ||D4, x+ piR5〉〉) . (5.2)
Similarly, the other seven (25)-twisted boundary states can be obtained by the same con-
struction starting with the Cardy state corresponding to some other representation of
ŝo(8)1 ⊕ ŝu(2)1; they therefore describe combinations of D0-D4 branes where the position
of the D0-brane is at a different point in the SO(8) torus. It should also be clear that the
combinations of Dp-D(4-p) branes can be obtained from the above by the action of the
inner automorphism of SU(2)5.
6. Conclusions
In this paper we have determined the boundary states for an asymmetric orbifold
of the bosonic string. More precisely, we have constructed all the boundary states that
preserve five copies of the Virasoro algebra at c = 1 up to permutations. The corresponding
D-branes include the usual superpositions of Dp-D(4-p) branes that only couple to the
untwisted sector of the asymmetric orbifold. However, we have also constructed branes
that couple to twisted sector states.
The boundary states that only couple to the untwisted sector of the orbifold involve
at most eight Ishibashi states; their overall normalisation (which is proportional to the
tension) is therefore at least 2−1/4. These boundary states therefore do not describe the
‘lightest’ D-branes. Indeed, some of the boundary states (for example those that correspond
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to σ = (25) in the first formulation of the theory) involve sixteen Ishibashi states, and the
overall normalisation is then 2−3/4. It would be interesting to understand the geometrical
interpretation of these boundary states.
The techniques we have employed in our construction should generalise to other asym-
metric orbifolds. In particular, it would be interesting to apply these ideas to superstring
orbifolds, for example the one considered in [4].
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Appendix A. Character and Theta-function conventions
In this paper we are using the theta functions
Θm,k(q) =
∑
n∈ZZ+ m2k
qn
2k , (A.1)
which have the modular transformation properties
SΘm,k =
(
iτ
2k
) 1
2 ∑
n∈ZZ/2k
e−inmπ/k Θn,k and TΘm,k = eiπm
2/2k Θm,k . (A.2)
The two characters of ŝu(2)1 corresponding to j = 0 and j = 1/2 are denoted by χ0 and
χ1, respectively. They are related to the theta-functions (A.1) as
χ0(q) =
Θ0,1(q)
η(q)
, χ1(q) =
Θ1,1(q)
η(q)
, (A.3)
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where η(q) is the Dedekind eta-function
η(q) = q−
1
24
∞∏
n=1
(1− qn) . (A.4)
The modular S-matrix of ŝu(2)1 is then given by
S
ŝu(2)1
=
1√
2
(
1 1
1 −1
)
. (A.5)
The functions (A.1) are related to the usual θi Jacobi theta-functions as
θ2(τ) = Θ1,1(τ/2) =
√
Θ0,1(τ)Θ1,1(τ) = Θ1,2(τ) + Θ3,2(τ)
θ3(τ) = Θ0,1(τ/2) = Θ0,4(τ/2) + Θ4,4(τ/2) =
√
Θ20,1(τ) + Θ
2
1,1(τ)
= Θ0,2(τ) + Θ2,2(τ)
θ4(τ) = Θ0,1(τ/2, z = 1/2) = Θ0,4(τ/2)−Θ4,4(τ/2) =
√
Θ20,1(τ)−Θ21,1(τ)
= Θ0,2(τ)−Θ2,2(τ) .
(A.6)
In terms of these, the (specialised) characters for ŝo(2p)1, p ∈ IN, are
O2p =
θp3 + θ
p
4
2ηp
, V2p =
θp3 − θp4
2ηp
, S2p = C2p =
θp2
2ηp
, (A.7)
and their modular transformation matrices are
Sso(2p) =
1
2

1 1 1 1
1 1 −1 −1
1 −1 e−ipπ/2 −e−ipπ/2
1 −1 −e−ipπ/2 e−ipπ/2
 , Tso(2p) =

1 0 0 0
0 −1 0 0
0 0 eipπ/4 0
0 0 0 eipπ/4
 .
(A.8)
Appendix B. The Cardy condition for the permutation-twisted boundary states
Let us first compute the σ-twisted S-matrix for ŝu(2)n1 , where σ ∈ Sn. Suppose first
that σ consists of a single non-trivial cycle of length k > 1. Then there are 2n−k+1 σ-
invariant representations of ŝu(2)n1 ; they can be labelled by (l1, . . . , ln−k, l), where l is the
representation label for the k representations that are permuted among each other by σ.
The twining character is then
χ
(σ)
(l1,...,ln−k,l)
(q) = χl(q
k)
n−k∏
i=1
χli(q) . (B.1)
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Upon a modular transformation this becomes
χ
(σ)
(l1,...,ln−k,l)
(q) =
∑
(m1,...,mn−k,mˆ)
Sl,mˆ χmˆ(q˜
1/k)
n−k∏
i=1
Sli,miχmi(q˜) , (B.2)
where all S-matrices here are the S-matrix of ŝu(2)1. The characters χmˆ(q˜
1/k) can be
identified with the σ-twisted characters of ŝu(2)k1 , and thus the twisted S-matrix is simply
a suitable product of S-matrices of ŝu(2)1. It is easy to see that this argument generalises
directly to the case of an arbitrary permutation: if σ has cσ cycles (counting trivial cycles)
then the σ-invariant representations are labelled by cσ labels (each of which can take the
values 0, 1), and the σ-twisted S-matrix is the product of cσ S-matrices of ŝu(2)1.
With these preparations we can now show that the coefficients (3.17)
N nˆpˆ,mˆ =
∑
l
(
Sˆσnˆ,l
)∗
Sˆτmˆ,lSˆ
στ−1
pˆ,l
S0,l
(B.3)
define indeed non-negative integers. (The following argument is similar to the argument
given in appendix A of [25].) The idea of the argument is to reduce this expression to
a product of conventional fusion rules of ŝu(2)1, using the Verlinde formula. The main
problem in doing so is that the sum over l only runs over those indices l = (l1, . . . , ln) that
are simultaneously invariant under σ and τ . Furthermore, if we write out the twisted S-
matrices in the numerator in terms of the S-matrices of ŝu(2)1, there are only cσ+cτ+cστ−1
S-matrices, whereas we would need 3n S-matrices in order to group them into Verlinde-
formula expressions.
For each i ∈ {1, . . . , n} let us denote by Fi the subset of labels in {1, . . . , n} that have
to take the same value as li in the sum over l above, i.e. lj = li for j ∈ Fi. In order to
prove the above formula we can consider each such set at a time (since the total formula
will just be the product of the expressions corresponding to each such set). Without loss
of generality, let i = 1, and let F1 = {1, . . . , r}. Let us restrict σ, τ and στ−1 to the set
F1 = {1, . . . , r}, and let s be the number of cycles of σ among F1 (including trivial cycles).
Similarly, define t to be the number of cycles of τ , and u the number of cycles of στ−1.
The contribution to (B.3) coming from F1 is then
N ′ =
∑
l=0,1
Sn1,l · · ·Sns,l Sm1,l · · ·Smt,l Sp1,l · · ·Spu,l
S0,l · · ·S0,l , (B.4)
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where the product in the denominator contains r powers of S0,l, and we have used that S
is real. Next we want to turn this into r sums by inserting the identity∑
a
Sa,lSa,l′ = δl,l′ (B.5)
r − 1 +m times, where m is the non-negative integer defined by
s+ t+ u+ 2m = r + 2 . (B.6)
(As we shall see momentarily, (B.6) defines indeed a non-negative integer m.) We can then
distribute the remaining factors of S as
N ′ =
∑
l1,...,lr
∑
a1,...,ar−1+m
Sn1,l1Sm1,l1Sa1,l1
S0,l1
Sa1,l2Sn2,l2Sa2,l2
S0,l2
· · · Sar−1+m,lrSmt,lrSpu,lr
S0,lr
.
(B.7)
Each sum over li gives now a fusion rule coefficient via the Verlinde formula, and it is
therefore manifest that N ′ is a non-negative integer.
It therefore only remains to prove (B.6). This can be done by induction on r. The
case r = 1 is trivial. Assume therefore that the statement holds for r − 1, and let σ and
τ be as above. Then we can find transpositions (jr) and (kr) (where either j or k but
not both may be equal to r) so that σ = (jr)σ′ and τ = (kr)τ ′, where σ′ and τ ′ leave r
invariant. Thus σ′ and τ ′ satisfy the assumptions of the statement with r−1, and we have
that s′ + t′ + u′ + 2m′ = r+ 1, where s′, t′, and u′ are defined in the obvious manner. By
construction
s′ =
{
s if j 6= r
s− 1 if j = r
t′ =
{
t if k 6= r
t− 1 if k = r.
(B.8)
The number of cycles of a permutation is the same in each conjugacy class, and therefore
u is equal to the number of cycles of the permutation
(kr)στ−1(kr) = (kr)(jr)σ′τ ′−1 . (B.9)
Now the product (kr)(jr) is equal to
(kr)(jr) =

(kr) if j = r
(jr) if k = r
id if j = k 6= r
(jkr) otherwise.
(B.10)
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Thus it follows from (B.9) that
u′ =
{
u if j = r or k = r
u− 1 if j = k 6= r.
(B.11)
So if j = r or k = r or j = k 6= r, then s′ + t′ + u′ = s+ t+ u− 1, and the induction step
follows (with m = m′). This leaves us with analysing the case when j 6= k with neither j
nor k equal to r. The answer then depends on whether j and k lie in the same cycle of
σ′τ ′−1 or whether they do not. In the former case, the permutation in (B.9) is
(jkr) (j v1v2 · · · vL k w1w2 · · ·wM ) (other cycles)
= (j v1v2 · · · vLr) (kw1w2 · · ·wM ) (other cycles) ,
(B.12)
and thus u′ = u − 1, and hence s′ + t′ + u′ = s + t + u − 1. As before the induction step
then follows with m = m′. In the other case we have instead of (B.12)
(jkr) (j v1v2 · · · vL) (kw1w2 · · ·wM ) (other cycles)
= (j v1v2 · · ·vL k w1w2 · · ·wMr) (other cycles) ,
(B.13)
and thus u′ = u+ 1, and hence s′ + t′ + u′ = s+ t+ u+ 1. In this case the induction step
follows with m = m′ + 1. This proves the statement (B.6).
Appendix C. Twisted fusion rules
In this appendix we want to demonstrate that for a simple example (3.17) does indeed
describe the twisted fusion rules. The example we want to consider is ŝu(2)21, where
σ is the transposition that exchanges the two factors of ŝu(2)1. As was explained in the
previous appendix, there are two σ-twisted representations. Every σ-twisted representation
of ŝu(2)21 defines an untwisted representation of ŝu(2)2⊕Vir1/2, where Vir1/2 is the Virasoro
algebra at c = 1/2.† In general, an irreducible σ-twisted representation of ŝu(2)21 will
contain a number of irreducible representations of ŝu(2)2 ⊕ Vir1/2.
† In the general case where σ is a permutation acting on ŝu(2)n1 with c cycles of length li ≥ 1,
i = 1, . . . , c, the relevant chiral algebra is
c⊕
i=1
ŝu(2)li ⊕Mrem ,
whereMrem is a chiral algebra of suitable central charge.
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In order to determine the characters of the twisted representations let us consider the
twining characters
TrH0⊗H0(σq
L0− c24 ) = χ0(q2) =
Θ0,2(q)
η(q2)
= χ
(2)
0 (q)χ0(q) − χ (2)2 (q)χ1/2(q) ,
TrH1⊗H1(σq
L0− c24 ) = χ1(q2) =
Θ2,2(q)
η(q2)
= −χ (2)0 (q)χ1/2(q) + χ (2)2 (q)χ0(q) ,
(C.1)
which we have written in terms of (conventional) characters of ŝu(2)2 ⊕ Vir1/2. (The
characters of ŝu(2)2 are denoted by χ
(2)
j (q), while the characters of Vir1/2 are χh(q).)
Upon an S-modular transformation we then find
S χ
(σ)
H0⊗H0 =
(θ
3/2
3 θ
1/2
2 + θ
1/2
3 θ
3/2
2 )
2η2
=
1√
2
(
(χ
(2)
0 + χ
(2)
2 )χ1/16 + χ
(2)
1 (χ0 + χ1/2)
)
,
S χ
(σ)
H1⊗H1 =
(θ
3/2
3 θ
1/2
2 − θ1/23 θ3/22 )
2η2
=
1√
2
(
(χ
(2)
0 + χ
(2)
2 )χ1/16 − χ (2)1 (χ0 + χ1/2)
)
.
(C.2)
The characters of the twisted representations are therefore χU = χ
(2)
1 (χ0 + χ1/2) and
χV = (χ
(2)
0 + χ
(2)
2 )χ1/16, and the Sˆ-matrix is given by
Sˆ =
1√
2
(
1 1
1 −1
)
, (C.3)
in agreement with the discussion of the previous appendix. Furthermore, the two twisted
representations U and V decompose with respect to ŝu(2)2 ⊕ Vir1/2 as
U = H(2)1 ⊗
(H0 ⊕H1/2) , V = (H(2)0 ⊕H(2)2 )⊗H1/16 . (C.4)
The conjectured formula for the twisted fusion rules (3.17) now predicts that the
fusion rules are
N(0,0) = N(1,1) =
(
1 0
0 1
)
, N(1,0) = N(0,1) =
(
0 1
1 0
)
, (C.5)
where (l,m) labels the untwisted representation of ŝu(2)21, and the matrix acts on the
space of twisted representations with basis U and V . These fusion rules are in agreement
(and could have been derived) from the description of these representations in terms of
ŝu(2)2 ⊕ Vir1/2. For example, the representation (1, 1) corresponds to (j = 0, h = 1/2)⊕
(j = 2, h = 0) of ŝu(2)2 ⊕ Vir1/2, and therefore the fusion of (1, 1) with U(V ) can only
contain U(V ). Similarly, (1, 0) corresponds to
(
j = 1, h = 1
16
)
of ŝu(2)2 ⊕ Vir1/2, and
the fusion of (1, 0) with U(V ) can therefore only contain V (U). The other two cases are
identical.
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